Pressurized, inflated balls used in professional sports are regulated so that their behaviour upon impact can be anticipated and allow the game to have its distinctive character. However, the dynamics governing the impacts of such balls even on stationary hard surfaces can be extremely complex. In this paper examine the energy transformations which arise from the compression of the gas within the ball and from the shear forces associated with the deformation of the wall. We develop a simple mechanistic model of the dependence of the coefficient of restitution, e, upon both the gauge pressure, P G , of the gas and the shear modulus, G, of the wall. The model is validated using the results from a simple series of experiments using three different sports balls.
The dynamical behaviour associated with bouncing pressurized (inflated) balls can be extremely complex. Even so some aspects can be readily addressed experimentally. Indeed, the question of how energy loss at impact varies with the ball's internal pressure is a popular science fair project.
In most cases the data are made to fit either an exponential [1] or a power law [2] without invoking any theoretical reasons for the choice. So it came as a surprise to the authors that there appears to be no simple, mechanistic model of the pressure dependence of the coefficient of restitution in the literature. This paper sets out to remedy this void.
There is of course a considerable body of work on impact modelling methodology in general. In the more specific case of energy loss in sports ball impacts the literature is more focussed sportsrelated aspects, such as duration of impact, force exerted and 'footprint' of the collision [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
For most balls used in professional sports, the internal pressure of the ball is determine by the rules of the governing body and is not a variable. Some sports bodies, such as basketball's FIBA [17] , regulate the height of the bounce (and thus indirectly the pressure). Others regulate the pressure directly [18] [19] [20] . We note here that this paper does not address inflated sports balls which are non-spherical, as in the case of rugby and American football, even a recent controversy has been a popular news item of late [21] ! Impact behaviour is often characterized in terms of the coefficient of restitution e which is a measure of the energy dissipated at the collision. In the theory section which follows, we develop a simple mechanistic model of the dependence of e on both the internal pressure of the ball and on the forces associated with the deformation of the wall of the ball.
The experimental validation of the model is described in the subsequent section. Three different balls, a basketball, volleyball and soccer ball are dropped onto a hard floor and the coefficient e is determined over a range of pressure. It is seen that the fit to the experimental data is very good, particularly for high gauge pressures. Our discussion of the shortcomings of the model and our conclusions are given in the final section. 
Theory and Model
In the case of an ideal (perfectly elastic) ball impacting a hard, stationary surface, its velocity after impact, v f , would have exactly the same magnitude as its velocity before impact, v i , since its kinetic energy would be unchanged. For inelastic impacts where energy losses do occur it is convenient to characterize the impact in terms of the coefficient of restitution, which may be defined through
Clearly e, which must lie between 0 and 1, is specific to the nature of the impact and in particular to the physical characteristics of the ball. In the case of inflated sports balls both the degree of inflation and the nature of the wall material play significant roles. In this section we will develop a model that shows explicitly the dependence of e on both the gauge pressure of the gas and the shear modulus of the wall material.
We view the ball as a hollow sphere of radius R, wall thickness D W and internal pressure P i .
Upon impact with a hard surface, the ball will be compressed by an amount x resulting in a circle of area ‫)ݔ(ܣ‬ in contact with the surface, as shown in Fig.1 . The following geometrical relations hold true:
The consequences of this compression are threefold:
1. The pressure difference across the area ‫)ݔ(ܣ‬ will result in a restoring force F P .
2. Deformation along the perimeter of ‫)ݔ(ܣ‬ will result in a shear strain within the wall giving rise to a restoring force F W .
3. Dissipative forces within the wall will act during both the compression and decompression stages of the impact.
We note here that Hubbard and Stronge [11] conducted an analysis which took into account gas pressure and wall tension. However they did not address the problem of energy loss dependence 
The restoring force arising from the gauge pressure of the gas
Initially the gauge pressure is ܲ ீ = ܲ − ܲ , where P 0 is the pressure outside of the ball. As the ball compresses the internal pressure will increase from its initial value P i to a value ‫,)ݔ(ܲ‬ with the resulting upward restoring force
Now for an isothermal compression of the gas inside the ball:
Without the higher order terms, F P would have the characteristics of a Hooke's Law restoring force:
This would clearly be true in the case of small compressions ‫ݔ‬ ≪ ܴ. However, we must be also 
The restoring force arising from the deformation of the wall
All along the perimeter of the area ‫)ݔ(ܣ‬ the wall is subject to a shear stress equal to the force per unit area. In this case the area is A p , the wall area associated with the perimeter, and is parallel to the restoring force F W . Thus:
The shear stress may be written in terms of the shear modulus G and the shear strain ߛ, which in this case is equal to the angle of deformation ߠ of the wall.
Again this leads to a Hooke's Law force in the case of small compressions, ‫ݔ‬ ≪ ܴ: Fig.2 shows a schematic of the impact. For convenience we divide it into three stages: A the instant before impact, B the maximum compression and C the instant after impact. During this impact the net restoring force F R acting on the ball is
Energy considerations at the impact
This Hooke's Law force has an associated potential energy ‫ݔ݇½‬ ଶ .
Let us suppose that the ball is subject to the same average dissipative force F D upon both compression and decompression. The nature of the mechanisms of energy dissipation is addressed in the discussion in section 4. The energy transformations during compression A→B may be written:
Where K i is the initial kinetic energy of the ball, m is the mass of the ball and ݃ the acceleration due to gravity. Likewise during the decompression, B→C
where K f is the final kinetic energy of the ball. The sum and difference of these give
Leading to the ratio
This approximation, ‫ݔ݇½‬ ଶ ≫ ‫,ݔ݃݉‬ holds true in most situations since the energy stored in the compressed ball is very much greater than the small change in its gravitational potential. It is certainly true for any ball stiff enough to support its own weight at zero gauge pressure without being significantly deformed. Using (5) we can write the final form of the model. 
In the experimental verification of this model, e is determined for successive values of P G . The quantities A and B can be treated as adjustable parameters which may be obtained by fitting to equation (6) . This is done in the following section.
Experimental Validation
For validation of the model, three different types of inflated sports balls were utilized, a basketball, a soccer ball and volleyball, the details of which are given in Table 1 . The balls were systematically bounced off a hard floor under laboratory conditions. Two dropping heights (1.5 m and 0.75 m) were chosen for a range of gauge pressure from 0 to 100 kPa.
There are several methods in common use to measure the coefficient of restitution [22] [23] [24] [25] . We chose to release the ball from a known height H and then use a microphone to determine the time of flight t f from the first bounce to the second. If we assume that air resistance is negligible, e is determined from
Pressure was changed by inflating the ball manually with a pump and measured with a pressure sensor. The basketball and volleyball were each released 5 times, and the pressure was measured before and after each trial to ensure there were no for pressure changes during the course of a trial. The soccer ball was released 9 times for the 4 lowest pressure trials, to accommodate the polyhedral nature of the ball at these low pressures. At higher pressures the ball was essentially spherical. The fits to equation (6) for each ball are presented in Fig.3 , whilst the ratio of the measured to the predicted value of e is are shown in Fig.4 . The values of the fitted parameters of equation (7) are tabulated in Table 2 . Understandable and consistent values are also obtained for the dissipative force F D . Table 2 shows that the dissipative force is greater when the ball is dropped from the greater height as expected (since the area of deformation of the ball is greater). The energy dissipation takes place principally in the form of heat during the bending and unbending of the wall and subsequent wall vibrations [3] . Clearly at higher gauge pressures both the magnitude and duration of the compression of the ball is less, resulting in less dissipation.
The coefficient of restitution would be affected by other external variables such as altitude and temperature. In our model the coefficient is expressed directly in terms of the gauge pressure.
Altitude would be relatively easy to incorporate using the barometric pressure equation.
However temperature would be much more difficult, since it would affect the thermal properties of the ball material including thermal conductivity, expansion and shear modulus (stiffness) [16] .Why the fit is not so good at low pressure (P G < 25 kPa) has in part already been addressed in the derivation of equation (3) . At low pressure the ball will more easily deform, and the assumption that ‫ݔ‬ ≪ ܴ is no longer true. Indeed at these low pressures a deformation of about ‫ݔ‬ = 2 cm was readily observable, giving rise to ‫ܴ/ݔ‬ = 0.2 for the balls used in this validation. In examining the expansion leading to equation (3) Clearly better agreement would be obtained if the restoring forces (3) and (4) were not truncated, which would the lead to a more complex relationship between e and x. However this was not the intent of this model, which was to derive a closed form expression for e as a function of the gauge pressure P G in the range normally associated with inflated sports balls. Table 2 CAPTION FOR TABLE 2 The values of the fitted parameters A and B. The value of the shear modulus G for the wall material is found from the ratio B/A, as shown in equation (7) . The geometry of the compressed ball. The experimental data for each ball for each of the two dropping heights. The error bars represent the standard deviation for the trials. The fits to equation (6) are shown by the broken lines. Note that the points for which P G = 0 were not included in the fits. The ratio of the predicted to the measured value of e for all balls and all heights as a function of gauge pressure. The fits are particularly good for P G > 25 kPa, where the spread between observed and predicted values of e is less than 2.5%, with no individual point lying further than 1.5% from the predicted value.
